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1 Introduction 



The main ingredient in the harmonic maps approach of superrigidity for semi-simple Lie 
groups is the Mok-Siu-Yeung formula [23], [32] for harmonic maps defined on compact 
locally symmetric spaces of non-compact type (cf. also [IE]). Actually, by means of this 
formula, it can be shown that a harmonic map from a compact locally symmetric space of 
non-compact type (with some exceptions) into a Riemannian manifold with nonpositive 
curvature is rigid in the sense of it is a totally geodesic isometric imbedding. The con- 
tact locally sub-symmetric spaces defined by Bieliavsky, Falbel and Gorodski [6] . [T7] . [18] 
are the contact analogues of the riemannian locally symmetric spaces. These spaces can 
be characterized as contact metric manifolds for which the curvature and the torsion of 
the Tanaka- Webster connection are parallel in the direction of the contact distribution. 
Moreover, these spaces are strictly pseudoconvex CR manifolds. In an other hand, in 
the setting of contact metric manifolds, the analogue of harmonic maps seems to be the 
pseudoharmonic maps defined by Barletta, Dragomir and Urakawa [3J,[5J. Also the main 
purpose of this article is to derive Mok-Siu-Yeung type formulas for horizontal maps (i.e. 
maps preserving the contact distributions) from compact contact locally sub-symmetric 
spaces into strictly pseudoconvex CR manifolds in order to obtain some rigidity theorems 
for horizontal pseudoharmonic maps under curvature assumptions. The plan of this ar- 
ticle is the following. The section 2 begins to recall basic facts concerning the contact 
metric manifolds and the strictly pseudoconvex CR manifolds, next, we focus our atten- 
tion on the pseudo-hermitian curvature tensor of a strictly pseudoconvex CR manifold, 
which plays a central part in the following. In section 3, we investigate the contact sub- 
symmetric spaces, the main result of this section (Theorem 3.3) which is related to the 
work of Cho [H], is an explicit formula for the pseudo-hermitian curvature tensor of a 
contact locally sub-symmetric space with non zero pseudo-hermitian torsion. The section 
4 is devoted to derive Mok-Siu-Yeung type formulas for horizontal maps between strictly 
pseudoconvex CR manifolds (Proposition 4.2). In section 5, we extend the notion of 
pseudoharmonic maps defined in [3], [5] to the setting of horizontal maps between contact 
metric manifolds and we define the notion of CR-pluriharmonic maps for horizontal maps 
between strictly pseudoconvex CR manifolds. It is interesting to note that these two 
notions are strongly related to the Rumin complex [27]. In section 6, we obtain some 
rigidity theorems for the horizontal pseudoharmonic maps when the source manifold is a 
compact contact locally sub-symmetric space. The main result of this section (Theorem 
6.1) asserts that any horizontal pseudoharmonic map from a compact contact locally 
sub-symmetric space of non-compact type, holonomy irreducible and torsionless, (with 
some exceptions) into a Sasakian manifold with nonpositive pseudo-Hermit ian complex 
sectional curvature satisfies Vd(j) = where Vd<p is the covariant derivative of d(j) with 
respect to Tanaka- Webster connections. As application (Corollary 6.1) we deduce that <p 
preserves some special curves called parabolic geodesies [15] and therefore is, in some 
sense, totally geodesic. In section 7, we restrict our attention to CR maps from com- 



2 



pact contact locally sub-symmetric spaces into strictly pseudoconvex CR manifolds and 
we obtain the following rigidity result (Theorem 7.1): any horizontal pseudoharmonic CR 
map from a compact contact locally sub-symmetric space of non-compact type (with some 
exceptions) into a pseudo-Hermitian space form with negative pseudo-Hermitian scalar 
curvature is constant. This article is a first step in the study of horizontal pseudoharmonic 
maps from compact strictly pseudoconvex CR manifolds into strictly pseudoconvex CR 
manifolds with nonpositive pseudo-Hermitian sectional curvature. In particular, some 
existence results are missing for the moment (excepted if the target manifold is Tanaka- 
Webster flat). 

The author wants to thanks the CNRS for the delegation CNRS that he has benefited 
during the preparation of this article. 

2 Connection and curvature on contact metric man- 
ifolds 

. Contact metric manifolds 

A contact form on a smooth manifold M of dimension m = 2d + 1 is a 1-form 9 
satisfying 9 A (d9) d ^ everywhere on M. If 9 is a contact form on M, the hyperplan 
subbundle H of TM given by H = Ker 9 is called a contact structure. The Reeb field 
associated to 9 is the unique vector field £ on M satisfying = 1 and d9(£, .) = 0. By 
a contact manifold (M, 9) we mean a manifold M endowed with a fixed contact form 9. 
If (M, 9) is a contact manifold then TM decomposes as TM = H ©R£. Consequently any 
p-tensor t on M decomposes as t = tn + 1$ with tn = to H H and t% = to (Hh and 
are the canonical projections on H and The tensors tu and t% are respectively called 
the horizontal part and the vertical part of t. Note that for an antisymmetric p-tensor 
7 we have 7^ = 9 A We denote by A* H (M) and A?(M) the bundles of horizontal 

and vertical antisymmetric tensors and by Q* H (M) and f2|(M) the horizontal and vertical 
forms associated to. 

Let (M, 9) be a contact manifold, then there exists a riemannian metric gg and a 
(1, l)-tensor field J on M such that: 

ge (£,X) = 9(X), J 2 = -Id + 6®£, g {JX,Y) = d9{X,Y), X,Y e TM. 

The metric gg (called the Webster metric) is said to be associated to 9. We call (9, £, J, gg) 
a contact metric structure and (M,9,£, J,gg) a contact metric manifold (cf. Blair[7J). In 
the following ojg := dQ. 
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Let (M, 9, f , J, g 6 ) be a contact metric manifold. We define L : Q k (M) -> fi fe+2 (M) by 
L = ugA. The restriction of L to fi^(M) will be denoted by L H and the adjoint of L H 
for the usual scalar product on Q* H (M) by A#. Recall that, for any jh G f2^(M), 

(AhJh)(Xi, ■ ■ ■ ,Xp-i) = ^tr H 'j H (.,J.,X 1 ,...,X p _2), 
where ir^- is the trace calculated with respect to a ^-orthonormal frame of H. 

Let ST Ho (M) := { lH e tt* H (M), A HlH = 0} and ^f(M) := { 7? e fi|(M), L 7f = 0} 
be the bundle of primitive horizontal forms on M and the bundle of coprimitive vertical 
forms on M. We recall the Lefschetz decomposition 

sr H (M) = n* Ho (M) © l h q* Ho (m) © ... © L d H n* Ho (M). 

. connection and curvature 

For the torsion and the curvature of a connection V we adopt the conventions T(X, Y) = 
[X, Y] - V X Y + VyX and R(X, Y) = [Vy, Vi] — V[yx]- 
In the following, N is the TM-valued 2-form given by: 

N(Y, Z) = J 2 [Y, Z] + [JY, JZ] - J[Y, JZ] - J[JY, Z\ + u e (Y, Z)£. 

Proposition 2.1 (Generalized Tanaka- Webster connection cf ]£9 $ .J5U I .J5T $ ). Let (M, J, go) 

be contact metric manifold, then there exists a unique affine connection V on TM with 
torsion T (called the generalized Tanaka-Webster connection) such that: 

(a) V9 = 0, V£ = 0. 

(b) Vg e = 0. 

(c) Tjj = -cog © f and i(£)T = -\i(0 N - 

(d) (V x oug)(Y, Z) = g g ({V x J)(Y), Z) = ~u e (X, N H (Y, Z)) for any X,Y,Ze TM. 

The endomorphism r := £(£)T is called the generalized Tanaka-Webster torsion or 
sub-torsion. Note that r is ^-symmetric with trace-free and satisfies r o J = — J o r. 

A contact metric manifold (M, 9, £, J, gg) for which J is integrable (i.e. Nh = or 
equivalently VJ = 0) is called a strictly pseudoconvex CR manifold. A strictly pseudo- 
convex CR manifold for which the Tanaka-Webster torsion vanishes is called a Sasakian 
manifold. 

The curvature R of the generalized Tanaka-Webster connection V satisfies the follow- 
ing Bianchi identities (cf. [17]. [29]): 
(First Bianchi identity) 

R H (X,Y)Z + R H {Z,X)Y + R H (Y,Z)X = u e (X,Y)r(Z) + u e (Z, X)r{Y) 

+ug(Y,Z)r(X) (1) 
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R(X, i)Z + R{£, Z)X = (V x r)(Z) - (V z t)(X) (2) 
with (V x r)(Z) = V x r(Z) - t{V x Z). 

Remember that any horizontal 2-tensor tn on M decomposes into tfj = t~^ + t H , where 
:= hi^H =t J*tn) are respectively the J-invariant part and the J-anti-invariant part of 

t H . 

If M is a strictly pseudoconvex CR manifold, then we have the decomposition: 

Rh = R~h + R~h-> 

with 

R H (X,Y) = -l((r(X))*A(jr)*-(r(r))*A(JX)*-(Jr(X))*Ar* + (Jr(r))*AX*). (3) 

Also we define the pseudo-Hermitian curvature tensor R^ of a strictly pseudoconvex 
CR manifold by: 

R%(X, Y, Z, W) = gg(R+(X, Y)Z, W), X, Y,Z,We H. 

In order to give the algebraic properties of Rjj , we recall some definitions related to 
the curvature algebra (cf. 

Let (V, q) be an euclidean space and Q G (^) 4 V*. We define the Bianchi map b(Q) by: 

b{Q) (X, Y, Z, W) = Q(X, Y, Z, W) + Q(Z, X, Y, W) + Q(Y, Z, X, W), X, Y,Z,W G V. 

Recall that b(S 2 (A 2 V*)) = A A V* and that we have the decomposition: 

S 2 (A 2 V*) =Kerb@A 4 V*. 

Let h,k G (^) 2 V*. We define the symmetric product hQk G S 2 (^i 2 V*) and the Kulkarni 
product h@k G (g) 2 (A 2 V*) respectively by: 

(h k)(X, Y, Z, W) = h{X, Y)k{Z, W) + h(Z, W)k(X, Y), 

and 

{h@k){X,Y,Z, W) = {hOk){X, Z,Y,W) - (h&k)(X,W,Y,Z). 

Note that tih,ke S 2 V* then h © fc G S 2 (A 2 1/*) and @ jfe) = 0. 

Hh,ke A 2 V* then h @ k G S 2 (A 2 V*) and ® jfe) = -2b(h jfe). 

If /i G 5 2 V* and k G A 2 V* then h @ jfe G A 2 (A 2 1/*) and @ jfe) = -26(Jfe /i). 

We define the Ricci contraction c(Q) by: 

c(Q)(X,Y)=trQ(.,X,.,Y), 
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with the trace is taken with respect to a g-ortho normal basis of V. 

Let (M,&,£, J, go) be a contact metric manifold and let Qh G (3) 2 (A^ (ikf)). The 
endomorphism Q H of A H (M) associated to Qh is defined by: 

(Qh1h){X,Y) = - ^Q H (e i ,e j ,X,Y)^ H {e i ,e j ), 

where 7^ G A#(M), {tj} is a local pe-ort honor mal frame of H and X,Y E H. 

For X, Y, Z,W £ H, we have <Q^(X A F), Z A W) = Q H (X, Y, Z, W). 

Let Ajj (M) be the bundle of primitif horizontal antisymmetric 2-tensors. For Qh G 
S^A^M)), we define Q Ho G 5 2 (A^ () (M)) by: 

<5#o =Qh- ^(Qhu 9 ) &uj e + ^(A H (Q H ^e))^e & u e . 
Note that, for viewed as horizontal A#(M)-valued 2-form, we have Qn^e = ^hQh- 

Let A 2 ^ ± (M) be the bundle of J-invariant ( J-anti-invariant) horizontal antisymmetric 
2-tensors. For Q H G S 2 (A H (M)), we define Q% G S 2 {A H ± {M)) by: 

Q%(X,Y,Z,W) = ^(Qh(X,Y,Z,W)±Q h (JX,JY,Z,W)±Q h (X,Y,JZ,JW) 
+ Q H (JX, JY, JZ, JW)). 

Note that 



1 

\99 H ©9e H ) = 9e H © 9e H ~ & 



and 



(9e H ©9e H ) = ^(9e H ©9e H ±^e©^e), 



with ge H = g e/H . 

For any Ph,Qh G S' 2 (A 2 ^(M)), the scalar product (Ph,Qh) is defined by: 

(Ph , Qh> = \tr H Pn o Qj. 

We have _ 

((Pfln ©9BufMH) = tr H Q% 
and for Q H G ,S 2 (A^(M)) n Kerb, 

(uj e © Q H ) = tr H Q H - tr H Q H - 



If M is CR then R^ can be written by Q as: 

R% = Rh+ l^e ®A e - ge H ® (4) 

with R H (X,Y,Z,W) = g e (R H (X,Y)Z,W), A e (X,Y) = g g (r(X),Y) and B e (X,Y) = 
u (r(X),Y). 

It follows from (CQ) and (Tj0) that satisfies the following the algebraic properties: 
B% G S 2 (A 2 H (M)) n ifer& and R™ G 5 2 (A^ + (M)). 

The pseudo-Hermitian Ricci tensor Ric^ G Sjj(M), the pseudo-Hermitian Ricci form 
p# G A^ + (M) and the pseudo-Hermitian scalar curvature s w are respectively defined by: 

Ric% = c H (R™), p^ = -<^, S w = tr J iHcg' l 

with ch{Qh) calculated with respect to a gg-orthonormal frame of H. 
Now, let 1% G 5* 2 (A^ + (M)) n fTer 6 given by: 

I h = \ {ges ®9e H +uj e ®u e + 2u e ^) • 

We have the decompositions (cf. [13]): 

s w 1 /I \ 

where Ric^ Q (respectively p^ o ) is the traceless part of Ric^ (respectively the primitive 
part of p%) and C% G 5 2 (A^+(M)) n Ker b n Ker C/ j. 



Remark 2.1 TTie tensor C^f , introduced by Chern and Moser in [13], is called the Chern- 
Moser tensor. Note that Cjf is a pseudo-conformal invariant. 

Now, we define the pseudo-Hermitian sectional curvature (resp. pseudo-Hermitian 
complex sectional curvature) of a 2-plane P = R{X, Y} C H (resp. P = C{Z, W} C H ) 

by: 

w (<(XAF),XAF) „ (<(ZAnlAf) 

1 J ~ (XAF,XAF) ' 1 (2AW,ZAf) ' 
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where ( , ) and R^ c are the natural extensions to A 2 H C of ( , ) and R™ . 

The holomorphic pseudo-Hermitian sectional curvature of a holomorphic 2-plane P = 

R{X, JX} C H is defined by: 

HK w (p s = (<(XAJX),XA JX) 
1 ' (X A JX,X A JX) 

We say that a strictly pseudoconvex CR manifold (M,9,£, J, go) has constant holomor- 
phic pseudo-Hermitian sectional curvature if HK W (P) is constant for any holomorphic 

s w 

2-plane P C H and for any point of M. In this case, we have R„ = —— r with 

H d(d+ 1) H 

s w constant (cf. [2j). Also we call Jjj the holomorphic pseudo-Hermitian curvature tensor. 

Let (E, g E , V E ) be a riemannian vector bundle over a contact metric manifold M 
and let Q*(M; E) (resp Q* H (M; E)) be the bundle of E'-valued forms (resp. horizontal E- 
valued forms) on M. We assume that M is endowed with the generalized Tanaka- Webster 
connection V. Remember (cf. [25]) that for any a G Q P (M; E), 



(V x a)(X 1 ,...,X p ) = V E a{X 1 ,...,X p )-j2a{X 1 ,...,V x X i ,...,X p ) 

i=l 

p+1 

i=i 

+ (—l) %+j (7([Xi, Xj],Xi, . . . , X, . . . , Xj, . . . , Xp+i) 



p+1 



= (-l) i+1 (Vx^)(X 1; V, X p+1 ) 

1=1 

+ (— l) I+J 'cr(T(Xj, X,-), Xi, . . . , X, . . . , Xj, . . . , X p+ i) 



Now, for any a H G Q P H (M] E), we define 

Oh) h 5 -^P+l) 

P+1 



= ^ (-iy +1 (V Xi a H )(X u X, X p+1 ) 

1=1 

(£7' ffff )(X!,...,X p ) := (^)(rf V V))(X 1 ,...,X p ) 

p 

= (V^)(X 1; . . . , X p ) + ^ (-l)W(r(X), X 1; . . . , X t 



8=1 
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{5l E a H ){X ll ... 1 X^ 1 ) = -tr H (V.a H )(.,X 1 ,...,X p _ 1 ) 

p 

(R H (X, Y)a H )(X 1 , ...,X P ) = R*(X, Y)a H (X 1 , . . . , X p ) - ^ a H (X 1 , ...,R H (X, Y)X U ...,X p ), 

i=i 

where R E is the curvature of V E . 

Note that for any <jh G Q P h{M] E), we have: 

dJi a H = -L H (Cj a H ) - Rfr /\ cr H , 

where Rfr A an is the wedge product of the horizontal End(E)-vdlued 2-form Rfj with the 
horizontal -E-valued p-form an- Now the horizontal End(H)-valued 2-form Rh satisfies 
the second Bianchi identity: 

(V X R H )(Y,Z) + (V Z R H )(X,Y) + (V Y R H )(Z,X) = -u e (X,Y)(i(£)R)(Z) +u g (Z,X)(i(£)R)(Y) 

-Lo e {Y,Z){i{i)R){X) 

{V^R H ){X,Y)-{V x i{e)R){Y) + {VYmR){X) = R H (r(X),Y) + R H (X,r(Y)). (5) 

Remark 2.2 The Bianchi identity (TJJ) is equivalent to d^Rn = — Lu{i{C)R) an d £JRh = 
d%(i(£)R) where V is the connection on A 2 H (M) induced by the Tanaka- Webster connec- 
tion on H . 



3 Contact sub-symmetric spaces 

Definition 3.1 A contact (locally) sub-symmetric space is a contact metric manifold 
(M,9,£,J,gg) such that for every point x G M there exists an isometry (resp a local 
isometry) ip, called the sub-symmetry atxo, satisfying ip(xo) = xq and dip(xo)/ H Xo = —id. 

Theorem 3.1 Let (M, J,ge) be a contact metric manifold endowed with its gen- 
eralized Tanaka- Webster connection V and let R (respectively T) be the curvature (re- 
spectively torsion) ofV . Then: 

(i) M is a contact locally sub-symmetric space if and only ifWuR = V#T = 0. 

(ii) If M is a contact locally sub-symmetric space, V '-complete and simply- connected then 
M is a contact sub-symmetric space. 

(Hi) If M is a contact sub-symmetric space then M = G/K where G is the closed subgroup 
of I (M, go) generated by all the sub- symmetries ip(xo), xq G M, and K is the isotropy 
subgroup at a base point (i.e. M is an homogeneous manifold). 

Note that the conditions V hR = V#T = are equivalent to V hRh = 0, i((,)R = 0, 
Vujq = and V#r = 0. 

Definition 3.2 [18] A contact sub-symmetric space M is said to be irreducible if the Lie 
algebra S)ol(M) of the holonomy group Hol(M) acts irreducibly on H. 
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The simply-connected contact sub-symmetric spaces have been classified by Bieliavsky, 
Falbel and Gorodski in [B]. 



Theorem 3.2 Every simply-connected contact sub- symmetric space of dimension > 5 has 
the following type: 



holonomy trivial 


torsionless 








Compact type 


Non- compact type 


holonomy 
irreducible 


torsionless 


compact Hermitian (CH): 
SU(p+ q)/SU(p) X SU(q) 
SO{2p)/SU{p) 
Sp(p)/SU(p) 
SO(p + 2)/SO(p) (p>3) 
£ 6 (_ 78 )/S>n(10) 


non- compact Hermitian (NCH): 
SU(p,q)/SU(p)xSU(q) 
S0*(2p)/SU(p) 
Sp(p, R)/SU(p) 
SO (p,2)/SO(p) (p>3) 
E 6 (- U ) / Spin(10) 


with torsion 
(P>3) 


SO(p + l) txW J+L /SO(p) 


SO {p, 1) x W+ L /SO(p) 
SO (p+ 1,1) /SO(p) 


holonomy 

not 
irreducible 


torsionless 


H 2p+1 x G CH (GcU(p)) 


H 2p+1 x G NCH 


with torsion 


SO{4)/SO(2) 
50(3) x R 3 /SO(2) 


SO (2,2)/SO(2) 
SO (2, 1) x R 3 /SO{2) 
SO (3,l)/SO(2) 



Remark 3.1 The contact sub-symmetric spaces of compact Hermitian type (respectively 
non-compact Hermitian type) arise from S 1 -fibrations over irreducible Hermitian sym- 
metric spaces of compact type (respectively non-compact type). The previous list is not 
complete, because S 1 -fibrations over not irreducible Hermitian symmetric spaces also pro- 
duce examples of contact sub-symmetric spaces. We do not consider these examples in 
the following. 

A contact locally sub-symmetric space (M, 9, £, J, go) is always a strictly pseudoconvex 
CR manifold (since Vc^e = 0). Now we recall the notion of homogeneous strictly pseudo- 
convex CR manifold and symmetric strictly pseudoconvex CR manifold (cf. [2U] . [24] ) . 

Let (M, H, J, 9, ge) and (N, H ' , J ' , 9 ,g 6 >) be strictly pseudoconvex CR manifolds then 
a map <fi : M — > iV such that d<p(H) C H and J o d(f>H = d(j)H ° J is called a CR map 
from M to N (the definition is also valid in the general context of CR manifolds pQ). A 
CR automorphism : M — > M is a diffeomorphism and a CR map from M to M. The 
group of CR automorphisms Autcn{M) is a Lie group. A CR automorphism : M — * M 
is called a pseudo-Hermitian transformation if <p*9 = 9. The group of pseudo- Hermitian 
transformations PsH(M, 9) is a Lie subgroup of Autcn(M) and also a Lie subgroup of 
I(M,g e ). 



10 



Definition 3.3 A strictly pseudoconvex CR manifold (M, H, J, 8, go) is called ho- 
mogeneous if there exists a closed subgroup G of PsH(M, 0) which acts transitively on 
M. 

Definition 3.4 A (locally) symmetric strictly pseudoconvex CR manifold is a strictly 
pseudoconvex CR manifold (M, H, J, 0, go) such that for every point xq G M there exists 
a pseudo-Hermitian transformation (resp a local pseudo-Hermitian transformation) ip, 
called the pseudo-Hermitian symmetry at xq, satisfying if)(xo) = xq and dijj(xo)/H xo = 
—id. 

If (M, H, J, 0, go) is a symmetric strictly pseudoconvex CR manifold then M = G/K 
where G is the closed subgroup of PsH(M, 0) generated by all the pseudo-Hermitian 
symmetries ip(xo), xq e M, and K is the isotropy subgroup at a base point. Also M is an 
homogeneous strictly pseudoconvex CR manifold. Note that the contact sub-symmetric 
spaces torsionless are symmetric Sasakian manifolds. 

Let (M, 0, £, J, go) be a simply-connected contact sub-symmetric space and T be a 
cocompact discrete subgroup of PsH(M, 0) acting freely on M then M/Y is a compact 
contact locally sub-symmetric space. 

Now we investigate the properties of the pseudo-Hermitian curvature tensor on a 
contact locally sub-symmetric space. 

Proposition 3.1 Let (M,9,£,J,ge) be a contact locally sub-symmetric space endowed 
with its Tanaka-Webster connection V. Then we have VR^ = and consequently s w is 
constant. 

Proof. Since V hRh = and VJ = 0, we have VhRh = 0- Now, we must prove that 
V^-R^- = 0. Equation (j5J) together with the assumption i(£)R = gives, for any X,Y e H, 

(V<:Rh)(X, Y) = R h (t(X), Y) + R H (X, r(Y)). 
Since J o t = -to J, we deduce that 

(V^R+)(X,Y) = R~(t(X),Y)+R-(X,t(Y)). (6) 
If t = 0, we have automatically V^i?^ = 0. Now, if r ^ 0, the assumption V#t = 

| r |2 

implies that |r| 2 is a strictly positive constant and that r 2 = ~^T^h (cf. lemma 1 of [9]). 

This assumption together with (j3J) implies that R]j(t(X),Y) = —R]j(X,t(Y)) and then 
(ED becomes V c i?^ = 0. Hence = and WR^ = 0. □ 
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In [H], Boeckx and Cho prove that a contact metric manifold M endowed with its 
generalized Tanaka- Webster connection V satisfying the conditions V# J or = and 
r 7^ is a strictly pseudoconvex CR manifold (i.e. J is integrable) and a (k, /i)-space 
(cf. [8j). Moreover, Cho gives, in [H], a formula for the riemannian curvature tensor 
of M if M has constant holomorphic pseudo-Hermitian sectional curvature. Now we 
obtain a formula for the pseudo-Hermitian curvature tensor of a strictly pseudoconvex 
CR manifold satisfying V#r = 0. 

Theorem 3.3 Let (M,9,£, J, gg) be a strictly pseudoconvex CR manifold endowed with 
its Tanaka- Webster connection V. Assume that V#t = and r ^ 0, then the pseudo- 
Hermitian curvature tensor and the Chern-Moser tensor of M are given by: 

< = ^(^ + ^h), ^ = ^(^^o + ^4 (7) 

with Th = — {^Ag ® Ag + Be @ Bg^j . Moreover, if d > 2, then M is a contact locally sub- 
symmetric space. 

The proof of the theorem needs the following Lemma. 

Lemma 3.1 Let (M, 8, £, J, gg) be a strictly pseudoconvex CR manifold such that V#r = 

s w s w 
and r^O. Then p# = — t^^b (i- e - M is pseudo-Einstein) , and V^r = ~~pJ ° r ■ 

Proof. First recall that the assumptions V#r = and r / imply that |r| 2 is a strictly 

| r |2 

positive constant and that r 2 = ids- Now, we have for any X,Y 6 H, 

2d 

R H (X, Y)t = B H (X, Y)r - u e (X, Y) V ? r, 

with Bjj(X, Y) = VyVx — Vv y x — (VxVy — Vy x y)- Since V#t = 0, we have 
R H (X, Y)t = -ujg(X, Y) V € r and also R^{X, Y)r = -u g (X, Y)V^r. We obtain 

gg(R+(X, Y)t(Z), Jr(W))-gg(r(R+(X, Y)Z), Jr(W)) = -u (X, Y)g e ((V^)(Z), Jr(W)). 

Hence, 

R%(X, Y, r{Z\ Jr(W)) + ^Rh(X, Y, Z, JW) = -uj 8 {X, Y)g e ((V^)(Z), Jr(W)). 
Let {ej} be a local ^-orthonormal frame of H, then 

I 1 2 

R%(X,Y,T(eA,JT(eA)+^R™(X,Y,e i ,Je i ) = -cug(X,Y) ]T ^((V € r)(e t ), Jr(e,)). 

Ki<2d ' Ki<2d 
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\ T \ 

Since t 2 = -—idH, then (18]) becomes 



2d 

2 



\T\ 



R%(e i ,Je i ,X,Y) = -u e {X,Y) ^ ^((V^Xq), Jr(e,)) 



l<i<2d l<i<2d 

which is 

P^ = -A„ fl£ = 0^(^,5,). 

Since AhPh = — we deduce that = ^i^^e and then M is pseudo-Einstein. Now 
we have 

(A H R+)(r(X)) - t((A h R+)(X)) = -d(V e r)(X). 

The assumption pY? = -ug gives 

2a 

vv 

(A^+)(t(X)) - t((A h R+)(X)) = S —J o r {X) 
s w 

and then V^r = —J or. □ 

a 2 

Proof of Theorem 3.3 Using (12"1), we obtain that for any X,Y, Z e if 

Z) = <fo((Vzr)(X), y) - ^((Vyr)(X), Z). 
By the assumption V#r = 0, we have i(£)R = 0. Now, equation (jSJ) together with 

| r |2 

= 0, J o r = —t o J and r 2 = ~^T^H yields 

R + h {t{X),t{Y)) + ^R + h {X,Y) = (V e i^)(X,r(Y)). (9) 

By ([3]), we have 

(V^)(X,Y) = -i(((Ver)(x))*A(jrr-((Ver)(y)r a(J*T 

- ((J(V c t)(X))* A F* + ((J(Ver)(y))* A X* 

We have Vgr = —-—J o r (Lemma 3.1), it follows that 

s w w 
(V^)(X,r(Y)) = — |r| 2 (x*Ar* + (JX)*A(JF)*)+— ((r(X))*A(r(F)r + ( Jr(X))*A( Jr(F))*) . 
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Then becomes 



12 W 



R™(t(X),t(Y),Z,W)+ 1 -^R%(X,Y,Z,W) = ^\T\ 2 (g eH ®g eH +Lu e ®uj e yX,Y,Z,W) 

s w / \ 
+ ^{A e ®A 6 + B e ©B )(X,Y,Z,W)(lO) 

Now, we have 

ge(R+(XY)T{Z),T{W))-ge(T(R+(X,Y)Zlr{W)) = -cu e (X,Y)g e ((V^)(Z),r(W)) 



s 



2d 3 



T\ 2 u e (X,Y)u; e (Z,W). 



Hence 



Irl 2 s w 
<(r(X), r(y), Z, W) - ^Rh(X, Y, Z, W) = -—\ T \\w e & u )(X, Y, Z, W). (11) 



We deduce from (TTOj) and lull) the following expression for the pseudo-Hermit ian curvature 
^(X,y,Z,H/) = — (ge H @g eH +oj e @uje + 2u e ®uJe)(X,Y,Z,W) 



+ ^ n ^(A e ®A e + B e ®Be)(X,Y,Z,W). 



Ad\r 

The expression for Cjf directly follows from the decomposition of R}^ . Now we assume 
d > 1. Since V#r = 0, we have the formula 5nRic^ = — |<i#s w . Also M pseudo-Einstein 
and d > 1 yields to s w constant. Since V#<?0 = V^cue = V hAq = V hBq = and s w 
is constant, then we have by the previous formula for R^ and (BJ that V hRh = 0. 
Consequently M is a contact locally sub-symmetric space. □ 

Corollary 3.1 The pseudo-Hermitian curvature tensor R}^ of a contact locally sub- symmetric 
space M has the following form. If M is holonomy irreducible and torsionless, in this case 
M is the total space of a S 1 -fibration tt over an irreducible Hermitian locally symmetric 
space B and Rqj is given by Rjj = tt*R b where R B is the curvature of B. If M has 
torsion, in this case Rjj is given by formula |?|]. Note that, in each case, M is pseudo- 
Einstein with s w constant. 



Remark 3.2 Note that the contact sub-symmetric spaces of non-compact Hermitian type 
have nonpositive pseudo-Hermitian sectional curvature whereas the contact sub-symmetric 
spaces of compact Hermitian type have nonnegative pseudo-Hermitian sectional curvature. 
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4 Mok-Siu-Yeung type formulas for horizontal maps 
between strictly pseudoconvex CR manifolds 

Let (M, 9, £, J, gg, V) be a contact metric manifold endowed with the (generalized) Tanaka- 
Webster connection and let (E, g E , V E ) be a Riemannian vector bundle over M. For any 
Q H ^ A^(M) ® End(E) and a H G A^(Af) ® we define Qh{<Jh) e A^(M) <g> £ by: 

i 

where {ej} is a local g e -orthonormal frame of if. For any Q# G S' 2 (A| / (M)) and s# G 

o 

S 2 H (M)®E (respectively o H G A 2 H (M)®E) ) we define Q# s H G S H {M)®E (respectively 
G A%(M) <g> £) by: 



Proposition 4.1 Lei (M,6,^, J, gg,V) be a compact contact metric manifold and let 
Qh G T(S 2 (A h (M))) satisfying as horizontal A H (M) -valued 2-form the assumptions 
$hQh = and AhQh = 0. Then, for any a H G Q H (M; E), we have: 

[ (QHV s a H ,V s a H } + ((b(Ql^QH)dH E VH,d H E o-H}v gg = l\ ((Q^R E )(a H ),a H ) 

-((c h (Rh ° Qh)) S , (T H g E }v ge , 

(12) 

where, for any horizontal 2-tensor fin, ^%{X, Y) = I^h(X, Y) + hh(Y, X). 

Proof. Let Q H G T(5 2 (A^(M))) satisfying 5 H Q H = and A h Qh = 0, then formula (8) 
of [25] gives for any a H G fi#(M; £7) 

(5hQh(V))<th = n%a H , 
where Qjf(V) and 7?.^- are given in a local orthonormal frame {e.;} of H by: 

Q H (V)(X) = ^^Mj.V, = i^g^(e i ,X,e fc ,e i )e fc .e i .V ei , 
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and 

H% = -- Qn{ti A 6j).R H (ei, ej) = — ~ y~] Qh{^, £j, e&, ei)e k .ei.R H (ei, 6j). 



i,j i,j,k,l 

By integrating, we obtain 

/ (QH(V)a H ,V(T H )vg g = / {H%a H ,(T H )vg e . 

J M J M 

We have 

(Qh(V)cth, Vcrjf) =-- QH(^i,ej,e k ,ei)(ei.V ei a H ,ek-^e :i ^H)- 

i,j,k,l 

Now, for any 1,7 G TM and any a, 7 G 1 (M; we have (cf. [25]): 

(x.a,y. 7 ) = y)( ff)7 ) + (i(x) ( 7,z(y) 7 ) - (i(y)a,i(x) 7 ). (13) 

We deduce from ffT3"l) that 



(Q H {V)a H ,Va H ) = -J2 Qff(ei,e i ,e fc ,e,)((V ei ^)(ei)>(V ei o-H)(e*)) (14) 

i,j,k,l 

Now we have for any o# G fi^(M; i?) and any X,Y £ H 

(Vx^)(y) = i(VW)(x,y) + (4V„)(x,y)), 

with (VV H )(X,y) = (Vx^)(y) + (V Y a H )(X) and (d^ s ^)(X,r) = (V x a H )(Y) - 
(Vx<7h)(Y). Then (HU) becomes 



i,j,k,l 



+2 <5^(e i ,e i ,e fc ,ei)((V' s cr/f)(ei,ei), (rf^ E o-^)(e i ,e fc )) 



i,j,k,l 



i,j,k,l 



+ \ ^(KQh)^,^,^,^) - Qh(^, e h ej, e k ))((d]^ E a H )(ei, e t ), {d^ E a H ){ej, e k )) 



2 

i,j,k,l 
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i,j,k,l 
j,k 

+ ^((KQh) - Qii)dH E (TH)(ej, e k ), (d% E a H )(ej, e k )) 

3,k 

+2J2((Qh V s a H )(ej,e k ), (dJVff)fo, <*)>) 

= ~\{(Qh V s a H y s a H ) + ((b(Q^Q H )dl E a H ,dl E a H )y 
For the second term, we have 

i,j,k,l 

= ~ Yl Qh(^, ^j, ^k, ei)((R H (ei, e^a^iek), a H (ei)) . 

i,j,k,l 

Since (R H (X,Y)a H )(Z) = R§(X,Y)a H (Z) - a H (R H (X,Y)Z), we have 
(TZ%a H ,a H ) = ~ Y QH{€i,€j,€ k ,€i)(RH {e h e j )a H {e k ),a H (ti)) 

i,j,k,l 

+ 2 QH(£i,£j,£k,£l)RH(£i,£j,£k,£m)(o-H(£l),o-H(£m)) 

i,j,k,l,m 

k,l 

+^ Y { c h( r h ° Qh) (ej, e m ) + o Q H ) (e m , ej)) {cr* H g E )(e u e m ) 

l,m 

= -((Q^Rh)M, cj h ) + ((c h (Rh o Q^) f, ** H g E ). 
Hence the formula. □ 

Assume that (M,8,£, J, ge,V) and (N,6' , j' , g e > are contact metric manifolds 
endowed with their Tanaka- Webster connections and let : M — > A be a differential map. 
Let <p*TN be the pull-back bundle of TA endowed with the metric and the connection 
induced by those of TN. The covariant derivative of the 0*TA-valued 1-form d<pH is 
given by: 

(Vxd<f> H )(Y) = V^dMY) - dM^xY), 
where V' denotes the connection induced by V' on <p*TN . 
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Definition 4.1 Let H = Ker 6 and H = Ker 9 . A map (f) : M — > N such that d<p(H) C 
H is called a horizontal map from M to N. We denote by 7i(M,N) the subspace of 
horizontal maps from M to N . 

Note that a horizontal map <p satisfies cj)*9' = fO with / e C°°(M, R). 
Lemma 4.1 For any horizontal map (ft : M —> N, we have: 

d? H d(t) H = -uje®(d(t){i)) H ,, (15) 

and 

Cj'dfa = v£*™(#(0)jf -fro d<j) H . (16) 

Proof. For any map : M — > N, we have d v d<p = —cjfT' where T' is the torsion of V'. 
Hence 

d v 'd(j)H = d v ' (d# - <g> #(£)) = -<t>*T' -u e ® #(£) + 9 A V' *™^) 
= -(>*T') H -u> e ® #(0 + A (V'*'™#(0 - 

We deduce that 

dtdcf> H = (d w 'd<p H ) H = -{4>*T') H -u e ® #(0 

and 

£f d<t> H = i^){d V d<t> H ) = V^ T "#(0 - i(0<^'- 

Now, let : M — > iV be a horizontal map, then we have <f)*9' = f9 and 4>*uJ e > = fooe — 9 A 
df H - Since T' = -u e > <g)£' +9' At', we deduce that 0*T' = -foue<8>£ +9A(df H <8>£ +f r' od(f) H ) 
and consequently 

<$'#H = CU e ® - = -Wfl ® • 

Now, 

£fd0H = VH TN d(t>{0-df H ®^ ~fr odcf> H 

= V^ TJV (#(0 - /£') -fT'od<j> H = V'h™ {d<t>{t)) H , -fro d4> H . □ 

In the following, for any horizontal symmetric 2-tensor we denote by /z# its traceless 
part. 
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Proposition 4.2 (Mok-Siu- Yeung type formulas for horizontal maps between strictly pseu- 
doconvex CR manifolds) Let (M, 9, £, J, gg, V) and (N, 9 , £ , J , g e > , V ) be strictly pseudo- 
convex CR manifolds with the assumption M compact. For any Q Hq G T(S 2 (A 2 H ^(M))) 
(resp. Q H G Y{S 2 {A 2 f{M)))) satisfying 5%Q+ Q = and (c H (Q+ Q )) = (resp. 5%Q H = 
and (ch(Qh)) — 0) and any horizontal map (f> from M to N, we have: 

J jAo (V^<M , (V 5 d<M > - t ^§^(\8%d^ H \ 2 + d 2 \mi))n'\ 2 y 9a 

= 4 f 2(Q+ Q , (<f>*R™,) H ) - \({c H {R™ o Q^ o )f, (<p*g e ,) H ) - (q\ o {<pB,) Hi (<P*g 9 ') H )v ge , 
Jm z 

(17) 

J {Qh (V 5 ^) , (y s d<p H ) Q ) - t ^§^{\8i d<j> H \ 2 - d 2 \(d<f>(0) H '\ 2 )v 9e 

= 4 / 2(Q H , WR$) H ) - (Q H ((<f>*B e r) H - Be) + (<j>*g e >) H )v 99 . (18) 

Jm a 

Proof. Let <fi : M — > N be a horizontal map. For any Qh G T(S 2 (A 2 h (M))), we obtain, 
using the relation V s d(p H = (\/ s d(pH) — ~,9o H <8> 5 H dcfin, that 

(Qh V s d<j) H , V s d<p H ) = (Q H (V s d((> H ) , (V 5 d0 H )o> + ^(c^(Qh) ® $t dfo, (V 5 # H ) ) 

The assumption (ch(Qh)) = implies that (ch(Qh) ® <^0h, (V 5 <i0#) o ) = 0. Hence 
we have 

(Q°^ V s d<t> H ,V s d(t> H ) = (Q H (V s d4> H ) , (V 5 # H ) ) - t I^-\5 H 'd ( p H \ 2 . (19) 
Since : M — > iV is horizontal then (fl5l) yields <i0# = — tug (g) (d(j>(£)) H i. Now we have 

((KQ^T-Q^dtd^H, d%d<p H ) = ({biQH^QH^e^eW^H'? 

= (b{Q H )-Q H ,uj e Ouj )\{d<f>{Z)) H ,\ 2 

= (tr-HQH-trHQjjW^H'l 2 - 
For Q+ o G T(5 2 (A^+(M))) and Q H G T(S 2 (A 2 f (M))), we have 

((KQ^P" Q + Ho )d V H dcj> H , d H 'd<p H ) = -tr H QH~ (20) 
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and 

((&(<% - Q- H )d%d(f>H, d%d<j> H ) = tr H Qs- ( 21 ) 

Now for Q H G T(S 2 (A 2 h (M))), we have {{C^R** TN ){d<t> H ),d(l> H ) = 2(Q H ,(<t>*R H ,f H ). 

Since R H > = R™ — — (ay ® A e < — g e > @ B e > ) , we have 

{4>*R H >) H = WR^) E + \{<t>*9 e ') H ® " ^HO* © (^V)ir 

Since (0*oy) H @ (0*A/)h g r ( A2 ( A n( M )))> we have 

= 4<Q„, (<f - 2(g°^ (0V W (22) 

The relations p 0Jf ®B g ouj e ®uj e = 2uj e @ A e and ®B e o g dn @ = 2^ ® S e 
yield to 

Since for any T±,Q%e 5 2 (a| ± (M)), t| o q| = and {geJ&ge H )~ ° <% = 2Q^ then 

((ch(^o5+: o )) 5 ,(0V)h) = <M^°^)) 5 ,foV)*>, (23) 

and _ _ _ 

Now, we have 

((c H (ge7©B g o Q^)) 5 , (0V W = (MQi) ° A f - 2 (^V)e). 

where /x# is the symmetric endomorphism associated by to the symmetric 2-tensor 
Using the assumption (ch(Q~h)) = 0, we deduce that 

((c h (Rh oQ^)f , (cf>*g e ,) H ) = 2( t -^^B 9 - Q H B e , (24) 
We obtain the formulas by replacing ^9]),p0l),pT]),p2l),(l23l) and pi]) in □ 

As applications of formulas ( JT7j) and (ITS]) , we recover, in a different way, the Siu 
formula given in [25] and we derive a Tanaka-Weitzenbock formula. First we have the 
following lemma whose proof is left to the reader. 
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Lemma 4.2 We have for any s H G Sjj(M) ® E the relations: 

O O o 

9e H ©9e H s H = 2(s H - g 6ll ® tr H s H ), u e © u e s H =u e u e s H = -2(s+ - s H ), 
CH{ge H ©ge H ) = 2(2d - l)ge H , c H (ug©ug) = c H (u e u e ) = 2gg H , 
tr H 9e H © 9e H = 2d{2d - 1), tr H u e © u e = tr H cJi^HUe = 2d. 

Proposition 4.3 For any horizontal map from a compact Sasakian manifold M to a 
Sasakian manifold N, we have: 



|(V 5 #„) + | 2 - (l - ±)\5Ud> H \ 2 + d(d- l)\mO) H '\\e = 4 £^((0^)^,(25) 

j M \\^ s d4> H )t I 2 + (i - ]j) l(v 5 d<MT - (i - 1) |^d^| 2 - (rf 2 - 1)|(#(0) A 

where, in an adapted frame {ei, . . . e<2, Jei, . . . Je^} o/ iJ 7 



i,j<d 



and 



With Zi = -±=(€i - y/^lj€i). 



Proof. Let Q H G r(S 2 (A^~(M))) and Q% o G r(,S 2 (A^(M))) defined by: 
Qh = (9e H ©9e H r = \i.9e H © 9e H -uj e ©uj e ) 

and 

f 2 

Qho = (9e H ©9e H )t = ^(9e H © 9e H +uj e ©u) e - 

Then we have VhQh = ^hQh = (since Vg,?H = Vcjg = 0). Moreover, using Lemma 
4.2, we have c H {Q H ) = 2(d - l)g 0H and c H (Q^ Q ) = 2d(l - ^j9e H - Also {c H {Q H )) = 

(c h (Qh )) = 0. Moreover, we have (c H (B$ o Q% )f = A(l - jjR^. Let be a 
horizontal map from M to N, by Lemma 4.2, we have 



<QH(V*#jf) o ,(V*d0H)o> = 2|(V^0 H )o 



+ |2 
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(q1 (V 5 #^) , (V 5 #tf) > = 2(i|(V 5 ^)ol 2 +(l-^)l(V^)n 2 
tr H CT H = 2d(d-l), tr H Q+ Q =2(d 2 -l 

(M<oQ+;)) 5 ,(0V)h) = 2{l-^j{dcj )H oRic^,dcj )H ) 



1 

d 



(Qh^* R H') H ) = ((9e H ®g eH ) + --^oQu Je ,( ( p*R^) H ) 



In an adapted frame {ei, . . . , ed, Jei, ■ ■ ■ , Jed} of if, we have 



tr B (<f>*R%)± = Y,(WK') H ^ e ii^ e i) + {4>*R™) H {zi,J£iiZiiJej))- 

i,3<d 

Now we have, for any Tjj G S' 2 (A^-(M)) D Kerb, the relations 



(T H (Z A IF), Z A W) = Tz(X, F, X, F) + T H (X, JF, X, JF) 

and _c _ = 

(T H (Z A W), Z A W) = T+(X, F, X, F) + T+(X, JF, X, JF), 

with Z = i(X - y/-lJX), W = ^(F - ^TJF). Since (<t>*R™,) H G S 2 (A^(M)) n 
Xer 6, we deduce that 

i,j<d 

and 



with Zj = 4g(ei — >/— lJei). By replacing in (IT7j) and ({IS}) together with the assumptions 
M, X Sasakian yields the formulas. □ 

5 Horizontal pseudoharmonic maps, CR-pluriharmonic 
maps and Rumin complex 

. Pseudoharmonic maps 
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In [5] and [5] Barletta, Dragomir and Urakawa have introduced the notion of pseu- 
doharmonic maps from a compact contact metric manifold into a Riemannian manifold. 
Now we extend this notion to horizontal maps between contact metric manifolds. 

Assume that (M, J, #0, V) and (N,9 , J , g e > , V ) are contact metric manifolds 
endowed with their Tanaka- Webster connections and that M is compact. For any dif- 
ferential map <p : M — > N, we define d<ft HH >(X) = (d<pH{X)) H i with X E H and the 
horizontal energy £7 H H > (0) by: 

E h,h'{4>) = / 

Proposition 5.1 For any variation <pt of <fi, we have: 
d f 1 

j t E H,H'{<l>t)^ = J M 9e'( S H d( P H ,H' +i((t>*0')T °d(j) HHl -^tr H {(jfA e >) H ,v] 



with v = — 

ot \t=o 

Proof. Let {4>t}\t\<e be a variation of 0. We consider the map $ :] — e, e[xM — > N given 
by $(t,x) = 4> t {x) and the pull-back bundle <$>*TN -►] - e,e[xM of TiV by $. Let {e*} 
be a local gg-orthonormal frame of H, then we have 

X d 1 d * 

2^l rf <W'| 2 = 2^ S^'((^(ei))H'» = S^'(V'| TJ >$(e,))^, (^(e*))^). 

We have 

where T is the torsion of V . Since [J^, e^] = and V preserves H , we obtain 

Vr N (dHe t )) H ,-V** TN (d$d)) =-(T'(d$A,*&( ei ))) 
Using T = —oJq' ® £' + 9' A r' , we obtain 

^i^f = Ev(v:r Tjv (^(|)) H/ -^'(^(|))r'(^( ei )) 

i 

+ 9\d$(e i ))T(d$(^)),(d$(e i )) H , 

= ^(e^((^(^))^ ) (d$(e i )) if -^((rf$(|))^,(rf$(V.Q)) H , 

i 
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- E^'((*J>(|))^ Vf ™(rf<l>( ei ))^ - (^(V £i eO)^) 

i 
i 

= -^a (dH e_ ))H/ -g e/ [(d^(-)) Hi ,^((V et dSXeO)^) 

- J*) Emw*))^ (**(*))*<) 

with a (m a_ ))ai {X) = (rf$(X)) H 0- We deduce that 

^l#tif,i/'l 2 | t=0 = ~^'(E^ V ^ ™ d 0)( e i)) H ',<v) 

i 

-0» E 4? (^.Jf ( e *)> (<*)) + E^^') ^)^' 

= -S H a VH , +g 8 '(5H d(j) H)H > +i(</>*6 )r o d<j) H>H > - £ tr H ((j)* A e >) H) v). 
The result follows by integrating. □ 

Definition 5.1 ^4 map <p : M — > iV is called a pseudoharmonic map if it is a critical 
point of E H H > . 

A map : M — > A" is pseudoharmonic if and only if 

5h d(f) HH ' + i(4>*6 )t o d(j) HH ' = and tr H ((jf A e *) H = 0. 

A horizontal map <fi : M — > A" is pseudoharmonic if and only if 5^ <i0# = and 
tr H (<j>*Atf) H = 0. 

. CR-pluriharmonic maps 

Let (M, 0, £, J,ge) be a strictly pseudoconvex CR manifold of dimension 2d + 1. A 
real function h on M is called a CR-pluriharmonic function if h is the real part of a CR 
function on M. 

We have the following equivalent characterizations for the CR-pluriharmonic functions. 
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Theorem 5.1 (LeefE^) 

The following assertions are equivalent: 

(i) h is CR-pluriharmonic. 

(ii) There exists a real function X such that d(J*dhH + X9) = 0. 

(Hi) (d H J*dh H ) n = and (Ce + -d H &H j)J*dhn = CtJ*dh H + - 7 dn5Hdh H = 0, 

a ' d 

where (dHJ*dhn) is the primitive part of duJ*dhH and Sh,j = [A#,dff]. 

Note that, if d > 1, then the assumption (d H J*dh H ) Q = implies that C^J*dhn + -jd H 5Hdh H = 

Lb 

and, if d = 1, then the assumption (djyj*d/ijj) = is always satisfied for any ft,. 

Definition 5.2 Lei (M,9,£, J, gg,V) and (N, 9', J', gy, V') 6e strictly pseudoconvex 
CR manifolds endowed with their Tanaka- Webster connections together with dimM > 3. 
^4 horizontal map <ft : M —>■ N such that (d^ J*d<pH)o = is called a CR-pluriharmonic 
map from M to N. 

Proposition 5.2 (i) A map <fi : M — > iV is CR-pluriharmonic if and only if 

(V 5 d0 H )o := (V s d<p H ) + + ~ge H ® 5% ' d<\> H = 0. 
(ii) Any CR-pluriharmonic map <j) : M — > iV satisfies: 

£fj*d<t> H + - d dt5%d<p H = j^tr H (<* T T( , • )dM -)-fro J*d<f> H . 
(Hi) Any CR map : M — *> N is CR-pluriharmonic and we have 

5trd<j> H = ftigdfa = d{dm) H >- (27) 
Proof. Recall that for 7# £ Q 2 H (M), its primitive part 7# e fljy (M) is given by 
JH =1h- \l h a h 1h- We have 

(d^j J*d(fi H ) = d^j J*d<pH — ~2^ H ^ H J*d4>n = d% J*d<pH — -^LhS^ jJ" f d(f)H- 



(4 J*d<f) H ) = d v H J*d<j)H - ® 6% d4> H . (2* 



Now since 5^ jJ*d(pH = $h j(d4>H ° J) = &h d<t>H, we deduce that 

1 

d 

Now, using ffl5l) . we have 

(4>d<M(jx,y) = (v JX d(j) H )(JY) + {v Y d(j)H){x) = ^(jy s d</> H ){x,Y) + (v s d<p H ){Jx, jy)) 

= (V 5 rf^) + (X,F). 
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Hence by (12%)) we obtain 



(dtrd<f>HWX,Y) = (V s d<f) H ) + (X,Y) + 29e B (X,Y)5td(f>H. 



The assumption (i) directly follows. Now we have 



_/ / 



'2 . . 1 



Since d# J*d4>n = —Lh{£-J^ J*d<pH) — R H ™ A J*dcj)H and , L#] = 0, we obt 
SH,j({di rd<l> H ) ) = -A H «™ A J*# h ) - A H L H (Cf J*d<p H ) -- d A H L H d H ' 5 V H ' dcf> H 
= - AhOR^A rd<t> H )-{d-l){Cj E J*d<t> H + ^d%5td<l>H). (29) 
Let {e,} be a local pe-orthonormal frame of if, then we have 
Atf(i4*™AJ*# H ) = i^(i?^ 

i 

Using (pP), we obtain that 

i i 

Hence we have 

A H (R% tn A J*d4> H ) = -J2( R H'( d MX),dM^))dM^) - R H '{d<j> H {JX),d(j> H {Je i ))d ( i> H { 



am 



+ f{d-l)r\{d<p H oJ){X)) 

= -2^(<* TJV )"(X,e J )^(e J ) + f(d- l)(r' o J*d4> H )(X). (30) 

i 

The assumption CR-pluriharmonic together with (1291) and (1301) gives the formula. Hence 
(ii). Let : M — > N be a CR map then J o difin = d<pH ° ^ • Consequently, we have 

j' o (d H d(f) H ) = {d H {d<p H ° J)) 

and 

j'<5# = 8 H (d(j) H o J). 
By ffT5l) we have (<i# d4>n) = and we obtain that (<i# (c?0h ° J) = 0. Now we have 

8% (d4> B o J) = -5%j{d4> H ) = -A H {d%dxj> H ) = d(d<f)(0) H >. □ 
The following theorem holds for pseudoharmonic maps between Sasakian manifolds. 
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Theorem 5.2 Let M and N be Sasakian manifolds. Assume that M is compact and N 
has nonpositive pseudo-Hermitian complex sectional curvature. Then: 

(i) Any horizontal pseudoharmonic map <p from M to N is CR-pluriharmonic. 

(ii) If the pseudo-Hermitian Ricci tensor of M is nonnegative, then any horizontal pseu- 
doharmonic map 4> from M to N satisfies Vdtfi = and \d<p\ — const. 

(Hi) If the pseudo-Hermitian Ricci tensor of M is positive, then any horizontal pseudo- 
harmonic map 4> from M to N satisfies d<p H = and consequently rg x (cj)) < 1, where 
r 9x{4>) is the rank of <fi at a point x of M. 

Proof. Let be a horizontal pseudoharmonic map from M to N. If N has nonposi- 
tive pseudo-Hermitian complex sectional curvature then (|25|) yields to (d(f)(£,)) H > = and 
(V s d<pH)o — 0. In particular, is CR-pluriharmonic. Moreover, if Ric^ is nonnegative, 
it follows from flU that (y s d<p H y = 0. Consequently W s d<p H = and d%d<p H = 0. 
We deduce that Vnd(pH = 0. The assumptions M and N torsionless together with 
(d4>(£)) H > = 0, yield by (|T6|) that V^difin = 0. Taking into account that c?0(£) = /£ , we 
obtain that i(!;)(f)*u> e > = —dfu = and so / is constant. We immediately deduce that 
Vd<fi = Vd(pH + 9 ® Vd0(£) = and so \d(f>\ = const. If Ric$ is positive, it directly 

o 

follows from (d(pH° Ric^ , dcpn) — that d(pn = 0. Since dcj)(£) = /£ , we deduce that the 
rank of is less than equal 1 at each point of M. □ 

. Horizontal maps and twisted Rumin pseudo-complex 

Let M be a strictly pseudoconvex CR manifold of dimension 2d + 1. We recall that 
the Rumin complex [27J is the complex: 

_> R _> C°°(M) ^5 IZ\M) TZ\M) ^ TZ d+ \M) IZ 2d+1 (M) -> 0, 

where 

W{M) = n p Ho (M) for p<d 

= rf(M) iarp>d+l, 

and 

dnlH = (d HlH ) = (d H - ^X-LbSh^h for 1h e IZ^M) {p < d - 1) 
DnlH = A + d H 5 H)J )lH for 7h e ft d (M) 

= A i(0(<*7*) for 75 e ft p (M) (p > d + 1). 

The formal adjoints of dn and .D^. for the usual scalar product are denoted by 5-r and 
D^. The laplacians associated to this complex are defined by: 

A n = {d-p)d n 8 n + {d-p + l)6 n d n on W(M) (p<d-l) 

A TC = D\D n + (c^) 2 on ft d (M) 

= D n D* n + (5 n d n ) 2 on 

A n = (d - p + l)d n 5 n + (d - p)6 n d n onW(M) (p>d + 2). 
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The fondamental fact is that, if M is compact, then (cf. [27J): 

H* dR (M, R) = H* n (M, R) = Ker A n , 

where H2 R (M, R) and H^(M, R) are respectively the cohomologies of the De Rham com- 
plex and the Rumin complex. 

Let (E, V E ) be a vector bundle over M then the previous definitions of 7Z P (M), dn 
and D-ji can be extended to E'-twisted bundles. Also we define the sequence: 

-> R -> C°°(M) % ^(M; £) % . . . % TZ d (M; E) A ft d+1 (M; £) % . . . % TZ 2d+1 (M; E) 

Note that d^o H = -(R% A a H ) for ct h G TZ P (M; E) (p < d - 2). Also the previous 
sequence is not a complex excepted if E is flat. Also we call this sequence the twisted 
Rumin pseudo-complex. 

Let N be a strictly pseudoconvex CR manifold, <fi : M — > N a horizontal map and 
E = (f)*TN the pull-back bundle endowed with the connection V induced by the Tanaka- 
Wester connection of TN. Then d(j) H G Sl x H (M\ <p*TN) satisfies d\d$ H = (d%d<p H ) = 0. 
Moreover, if is a pseudoharmonic map then 5% d<pH = $h d<pH = 0. Consequently, 
if d > 1, we have A^d(p H = ((d - l)d£$%! + d5^d^)d^ H = 0. If d = 1 and iV is 
torsionless, then we have d<pH = A (Cj d$n + d\ b\ jd^n) = 0. The assumption 

pseudoharmonic yields to dcf) H = *D^ L dcf) H + (cQ£ 5^ ) dcf) H = 0. 

Remark 5.1 The condition <p : M ^ N CR-pluriharmonic is equivalent to d^ J*d(j)jj = 
0. Moreover, if dim M = 3, it seems natural in view of the Theorem 5.1 to define the 
CR-pluriharmonicity of a horizontal map : M — > iV by the condition J*d<pH = 0. 



6 Rigidity results for horizontal pseudoharmonic maps 
defined on contact locally sub-symmetric spaces 

Now we derive Mok-Siu-Yeung type formulas for horizontal maps from compact contact 
locally sub-symmetric spaces into strictly pseudoconvex CR manifolds. In this section we 
assume that M is a contact locally sub-symmetric space of dimension 2d + 1 > 5. First 
we consider the case M torsionless. 

Lemma 6.1 Let (M, 9,£, J, gg) be a contact locally sub-symmetric space torsionless with 
s w non-zero. The tensor Q+ o G T (S 2 (A 2 ^ (M))) given by Qjj o = c Ih + Cfi 1 with 
8d \C M \ 2 

c = — ^rj— is parallel and satisfies (Qh ,Rh ) = an d ( c H(QH )) n = 0. 
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Proof. First recall that J# = -(ge H ©9e H )o- Now we determine c in a such way that 
Qh = C o^o + C% satisfies (Q+ o , fl™ ) = 0. We have 

Now, we have 

*K - + ^2) (*< ® " « ®-)o + 

d 2 - 1 



Since tr H (Ric^ Q ® ^ H - p$ o @ cj e ] = C^ 1 = and tr H I% Q = — - — , we deduce that 
2d 



tr H R% = Using (C^,R^ o ) = \Ctf\ 2 , we obtain that 



(n+ R w \-r- — I I s~~tM 1 2 

Wh i K H ) - °0 ^ 5 + |G H | . 

By taking c = y ^ we obtain that (Q% Q , R$ Q ) = 0. Now we have c H (Q^ Q ) = c - (l 

and then (ch(Qh )) = 0. Since M is a contact locally sub-symmetric space, then 
VRjj = and s w constant yield to VC^ 1 = 0. Hence we have IC^] 2 and c constant. 
The parallelism of <3# = directly follows. □ 

Proposition 6.1 For any horizontal map (f> from a compact contact locally sub-symmetric 
space M , holonomy irreducible and torsionless, to a Sasakian manifold N, we have: 

+ (C°¥ (V s d<f> H )-, (V s d<f> H D - |(l - jj)|<§W - |(rf 2 - l)\mO) H '\\e 
= 2 J m co (\tr 2 H °((fR^f H ) + (l - 1 j)tr] i \(fR^f H )) + 4<C#, (0*<,)„K(31) 

where c — 



d-l s w ' 

Proof. Let = Co/# + C^ 1 with Co defined in Lemma 6.1. The horizontal J-invariant 
symmetric 2-tensor (ch{R"h ° Qh ))' S is parallel. We deduce from the irreducibility of M 
that (c H (R™ o^)) 5 = with A e C°°(M, R). Now, 
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Hence (ch(Rh ° Qh )) S = 0- If is a horizontal map from M to N, we have by Lemma 
4.2 

<Q°+ o (V 5 #*) , (V 5 ^) ) = |(i|(V^) + | 2 +(l-i)|(V^ 

+ (<# (V 5 d^) , (V 5 d<M > 
Co 
2 



By replacing in ( TTTj) . we obtain the formula. □ 

Now we consider the case of contact locally sub-symmetric spaces with torsion. Let M 

\t\ 2 

be a contact locally sub-symmetric spaces with torsion, we recall that we have r 2 = — ridjj- 

2d 

Irl 2 

We always may assume that -— = 1 also r becomes a paracomplex structure on H. Now 

(r, J o r, J) defines a so called bi-paracomplex stucture (cf. [16J) on M. Any horizontal 
2-tensor on M decomposes into tu = tn+ +tn_, where tjj ± := \{tu ± r *£f/) are respec- 
tively the r-invariant part and the r-anti-invariant part of Let A H AM) be the bundle 
of r-(anti) invariant horizontal antisymmetric 2-tensors. For Qh G S 2 (A 2 h (M)), we define 
Q H± ES 2 (A 2 H± (M))b Y 

Q H± (X,Y,Z,W) = ±(Q h (X,Y,Z,W)±Q h (t(X),t(Y),Z,W)±Q h (X,Y,t(Z),t(W)) 
+ Q h (t(X),t(Y),t(Z),t(W))). 

The tensors (Q H )t e S 2 {{A 2 H {M))+) are defined by {Qh)± = {Q H ) ± = (QirJ* 

Lemma 6.2 Let M be a contact locally sub-symmetric space with torsion and sh £ 
S 2 H (M) <g> We /iai>e i/ie relations: 

A e (k)A e s H = 2(t*s h - A e ®tr H c H (A e ® s H )), 

o 

B e ®B e s H = 2((Jo T )*s H - B e ®tr H c H (B e ® s H )), 

c H {A @A e ) = c H (B e @Bg) = —^-9e B , tr H A^A e = tr H B7®Bg = -\r\ 2 . 
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Proposition 6.2 For any horizontal map (f> from a compact contact locally sub-symmetric 
space with torsion M to a Sasakian manifold N, we have: 

[ \(v s d<f> Ho )X\ 2 + kv 5 ^)!! 2 + |(v 5 # H ); + -a 6 ® st(d<f> H o r)| 2 

Jm « 
-\(V S d(f> H )Z + l -B e ® 5%{d<t> H o J o r)| 2 



+ (1 d 



5) o J o r)| 2 - |^'(d0„ o r)| 2 + d 2 |(#(OM 2 " l^'^l 2 )^ 

= 8/ tr H ((<f>*~R^ H )-v g9 , 

J M 

J (l + ^) |(V 5 #H)!r + (l - 2) \(V S d<t)HV + + ^ ® o r)| 2 

+ (l - ^) KV 5 ^)! + ® o J o r)| 2 - (l - |(V 5 d<^ ) + | 2 

(l - J) (l + |) (l<$'(#tf o J o r)| 2 + |^'(d0„ o r)| 2 - rf 2 |(rf0(O)^| 2 - I^'#h| 2 )^ 
= 8^(l - ^(^T)* + ^M^-MWh)^. (32) 
Proof. Let the tensors Q H G T(S 2 (A 2 I f (M)) and Q+ Q G r(,S 2 (A^(M))) defined by: 
Qh = (9e H ©9e H )+ = ^(ge H ©9e H -u ©u e + A e © A - Bg@B e ) 

and 

Q + h = \{{9e H ®9eM- = (^0)- = ~ T Ho ), 

If 2 \ 

with T H( . = - [ A 9 © A e + B e © Bg + -ug Q ujg). Since M is a contact locally sub-symmetric 
8 V _ " d / 

space, we have V nAg = V hBq = and then VhQh — ^hQh = 0. From Lemmas 4.2 
and 6.2, we have 

ch(Q h ) = {d- l)ge H , c H (Q + Ho ) = {d ~ 1] ^ + 2) ge H , 

and 

tr H Qn = d(d-l), tr H Q^ o 



_ _(d-l)(d + 2) 



It directly follows that (c H (Q^)) = (c H (Qj )) = 0, and that, ^ B e - Q~ B e = 0. 
2s w 

Now since R™ = -^-(i£ ) + then 

d 2 
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Also (ch(R^ ° Qh )) S = 0. Now, let be a horizontal map from M to N, by Lemmas 
4.2 and 6.2, we have 

(Q H (v 5 ^) , (v 5 ^) ) = |(v 5 d0„ () )+| 2 + |(v 5 ^)!| 2 + \(v s d<j) H y + \ 2 - |(v 5 #„)i| 2 

(Q°k (v 5 #h)o, (v 5 ^) ) = ^((i + ^)i(v^)!r+(i-^)i(v^);i 2 

+(i - ^)kv 5 ^):i 2 - (i - ^)kv 5 ^ ):i 2 

Now we have 

tr H c H (A e ®V s d(j) H ) = -25% (d<p H o r ) and tr H c H (B e ®V s d<p H ) = -25% (d<p H o Jo T ). 
Moreover 

|(V 5 #h);| 2 = |(V 5 #^ + - d A e ® o r)| 2 + o r)| 2 

and 

KV 5 ^)!! 2 = |(V 5 #tf)I + ® <^'(#h o J o r)| 2 + i|<$'(#H o J o r)| 2 . 

Then 

(q h (v s #h) , (v 5 ##) > = |(v 5 #H )3 2 + l(v 5 ^)!l 2 + |(v 5 ^); + ^ ® <^'(#„ o r)| 2 

-|(V 5 #if): + <g> 5%{d<p H o J o r)| 2 

(l - i) (|<^'(#„ ° J o r)| 2 - o r)| 2 ) 

(v 5 ^) , (v 5 #„) ) = J((i + ^)l(v 5 ^)!| 2 -(i-^)|(v 5 #^| 2 

+ (l - ^) |(V 5 d0 H ); + ^ ® <^'(#„ o r)| 2 

+ (l - ^) |(V 5 #h): + ~ d B e ® o J o r)| 2 

+ (l " (l + ~ d ) (\5% (d^n o Jo r)| 2 + |$' (# H o r) | 2 ) ) . 
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We have also 



<Q+ o ,(0*<,y = \{{g eH @ge H t-\ue®^{4>*R^) H ) 

= Id 1 - l) tr ^^B + \**&^t b - ^(^w:)- 

By replacing in f|T71) and f|T8|) . we obtain the formulas. □ 

Now we deduce some rigidity results for the contact sub-symmetric space of non- 
compact type. 

In the following we denote respectively by g, t, I the Lie algebras of the Lie groups 
G,K,L. Let M = G/K be a simply-connected contact sub-symmetric space of non- 
compact Hermitian type. Then M is the total space of a S' 1 -fibration tt over an irreducible 
Hermitian symmetric space of non-compact type B = G/L. To the Hermitian symmetric 
space G/L, it is naturally associated an irreducible Hermitian orthogonal involutive Lie 
algebra (g, s, where s is an involutive automorphism of g such that [=+l-eigenspace 
of s, p=— 1-eigenspace of s and (3/ p is the ad[-hrvariant inner product on p given by the 
restriction of the Killing form of g to p (we refer to Falbel-GorodskifTTJ for the precise 
definition). Also it follows a so-called irreducible subtorsionless Hermitian sub-orthogonal 
involutive Lie algebra (g, s, l,(3/p) associated to the sub-symmetric space G/K. Concern- 
ing (g, s, t, /3/p), the following facts hold [TT] : 
t =[[,[], [p, p] = I and [ =< > ©6 with £* in the center of [. 

The ideal t of lis either a simple ideal or 6 = t L © 6 2 with i L and E 2 are simple ideals of [. 
The Killing form (3 is negative definite on [ and we have the orthogonal decomposition of 
g relatively to f3, 

g =< C > ©t©P- 

The endomorphism J* = ad^*, f of p defines a ad [-invariant complex structure on p. 
The ad [-invariant skew-symmetric bilinear form j3(J*.,.) on p is non-degenerate and co- 
incides with U*(d9) where n : G — > G/K is the natural projection. 

Now the curvature Hjj of M is given by R^ = ir*R B where R B is the curvature of B. Also 
M has nonpositive pseudo-Hermitian sectional curvature and negative pseudo-Hermitian 
scalar curvature. The Lie algebra expression of Rjj is given (cf. [18]). for any X* G p, by: 

R^(du(x*),du(x;),du(x;) } du(x* 4 )) = (3([x*,x* 2 \, [x;,x* 4 ]). 
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|-R W | 2 \R^\ 2 

Let c = —4 —7j = —4 — — (> 0) and «(M) be the lowest eigenvalue of the quadratic 

o o 

form sh — » sh ,sh ) = {^*R B sh ,sh ) associated to i?^ for horizontal traceless 
symmetric 2-tensors. The following tabular, coming from those obtained in [I0],[T2] and 
[22] for the irreducible Hermitian symmetric spaces of non-compact type, gives the values 
of c and k(M) for the simply-connected contact sub-symmetric spaces of non-compact 
Hermitian type. 



Type 


d 


c o 


k(M) 


SU(p,q)/SU(p)xSU(q) 


pq 


pq+L 
(p+qf 


1_ 

p+q 


SO*{2p)/SU{p) 


p{p-l) 

2 


1 , 3-p 
4 ^~ 4(p-l) 2 


l 

2(p-l) 


Sp(p, R)/SU(p) 


p(p+l) 
2 


1 , 3+p 
4 ^ 4(p+l) 2 


1 

p+1 


SO (p,2)/SO(p) 


V 


J. _ J_ 

2p p 2 


1 


E 6 ^ U )/Spin(lQ) 


16 




f 

12 




27 


2§ 

162 


1 

18 



Theorem 6.1 Let M be a simply- connected contact sub-symmetric space of non- compact 
Hermitian type other than SU(d, l)/SU(d) and let Y be a cocompact discrete subgroup of 
PsH(M). Any horizontal pseudoharmonic map <fi from M = M /Y to a Sasakian manifold 
N with nonpositive pseudo- Hermitian complex sectional curvature satisfies Vdcf) = 0. 

Proof. Let be a horizontal pseudoharmonic map from M to N. Since M and N 
are torsionless, then ([25]) together with the assumption on the curvature of N yields to 

= 0, (V 5 ^)o = and trJ°((0*.R$)£) = 0. Now, using the irreducibility of 
M, we have by equation fl3B : 

^f 1 - ~)\(v s d<t> H y\ 2 + (c% (v s d<p H y, {v s d<p H y)v ge 



M 



2 V d 



2 L C °( 1 ~ l)^^^^^^^ ^ R ^H> 9 e- (33) 



s w w 2 

Now, since M is pseudo-Einstein, then = RYjf - — -/£ and \C^ I 2 = li^l 2 — -. 

P ' H H d(d+ 1) H 4d(d+ 1) 

We deduce by Lemma 4.2 that 

|(i-^)|(v 5 ^)T+(c^ (v 5 ^)~,(v 5 ^)~) = c ;i(v^)"| 2 +(< (v 5 # H r,(v 5 d<M~) 

(34) 
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and 

cb(l " Dtr^af^l) + 4<C^, (0*<O„> = 2^ 1 ((0^T)^) + 4«, • 

(35) 

By the comparison between c and k(M), we deduce that (J3i|) is positive excepted if 
(V s d(j) H ) = 0. Moreover, using the Lie algebra expression of K^, we can prove as Jost- 
Yau do in [19] p 257-273, that (135]) is always nonpositive. Also it follows from (1331) that 

(V s d(j) H ) = 0. Consequently V 5 d0# = and dcpu = 0. The end of the proof follows 
from the proof of Theorem 5.2. □ 

Let / be an open interval of R containing 0, recall that a regular curve c : I — > M 
on a strictly pseudoconvex CR manifold M is called a parabolic geodesic (cf. [15]) if 
c(0) G i?c(o) an d if there exists a G R such that Vc(t)c(t) = a^ t ) for tel. As a 
consequence of the previous theorem, we have: 

Corollary 6.1 Let M = M/T as above. Any horizontal pseudoharmonic map <fi from M 
to a Sasakian manifold N with nonpositive pseudo-Hermitian complex sectional curvature 
maps parabolic geodesies of M to parabolic geodesies of N. 

Proof. For any curve c:/cR->M and any map </> from M to N, we have 

v '(0o C)W (^ ° c )(*) = (Vc ( *)#)(c(t)) + d<p(y m t(t)). 

If (f) is a horizontal pseudoharmonic map from M to N, we have Vd<ft = 0. Consequently, 
for a parabolic geodesic c : / C R — » M, we obtain that ^ ; ..^(</> o c)(t) = ad<fr(£ c (t)) = 

a f^{<j,oc)(t)- Hence o c is a parabolic geodesic of AT. □ 

Corollary 6.2 Let M = M/r as above. Any horizontal pseudoharmonic map <fi from M 
to a Tanaka- Webster flat Sasakian manifold N satisfies depn = 0. 

Proof. Let be a horizontal pseudoharmonic map from M to N. Since iV is Tanaka- 

o 

Webster flat then Theorem 6.1 together with equation f[2"61) . yields to (d(fi H o Ric^ , d(f> H ) = 
0. Now, since M is pseudo-Einstein with s w < 0, then d(pH = 0. □ 

If M is a compact strictly pseudoconvex CR manifold, then &i(M) = dim Ker An. 
Also, we have using formulas similar to (!25l) . (l26l) and (I3TI) : 

Corollary 6.3 Let M be a simply- connected contact sub-symmetric space of non- compact 
Hermitian type other than SU(d, l)/SU(d) then b\(M /T) = 0. 

Remark 6.1 We can observe that the previous corollary directly follows from the two 
following facts. First M is the total space of a S l -fibration over a compact irreducible 
Hermitian locally symmetric space of non- compact type B and then b\(M) = bi(B). Sec- 
ond by the Matsushima Theorem f2!Bj we have bi(B) = 0. 
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7 Rigidity results for CR maps defined on contact 
locally sub-symmetric spaces 

In this section we suppose that N is a strictly pseudoconvex CR manifold and is a CR 
map from M to N. 

Proposition 7.1 (i) For any CR map <fi from a compact contact locally sub-symmetric 
space torsionless M to N, we have: 

J |(i - ^)l(v 5 d<MT + (eg (v s d<p H y, (v s d<p H )-) - c (£ - i)\(dm) H '\\ g 

= 2 J m co (l - 1) {HBK'™) H + 4<C^, (<f>*R%) H )v ge . (36) 

(ii) For any CR map <fi from a compact contact locally sub-symmetric space with torsion 
M to N, we have: 

J (l - I) (\(V s d<p H y + + - d A e ® 5t{d<p H o r)| 2 + \(V s d<p H )Z + - d B e j'5i{d<j> H o r)| 2 ) 

(37) 

( K '™) H = 5^ R H'( d fa(ei),(tyH(ej),d<l>H(ei),d<l>H(ej)), 

i,j<d 

and 

{HBK'™) H = R^(dM^,-j'dM^),dM^),-j'dM^))- 

i,j<d 

Proof. Let be a CR map from M to N then J o d<pH = d<pH J- Also we have 
8%dxl>H = -dJ'{d(j){C)) H ' by ([27D and 5% ' {d<f) H o J o T ) = J '5% ' (d<p H o r). Moreover, 

(<f>*g e ') H (X, Y) = (</>* uy^pf, JY) = fu e {X, JY) = fgg H {X, Y) 

and 

(4>*B e ,) H (JX, JY) = B e ,(j'dMX),j'dMY)) = -B e ,(dMX),dMY)) = ~(4>*B e ') H (X, Y). 

Hence we have (4>*g g ') H = fge H and {(jfBgi)^ = 0. It follows that for each Qjj o defined 
in Propositions 6.1 and 6.2, we have 

(M< o Q+ o )f, {<p*g 9 ,) H ) = l -ftr H {c H {R™ o Q+J) 5 = 4«, Q+ o ) = 0, 
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and 

(Q+ (<f>*B e ,) H , {<j?g e .) H ) = \ftr H {Q + Ho = 0. 

Now, we have ((f>*R™)~ = and {<p*R™,) + H = {<t>*R™>) H - Consequently tr H ((f)*R™,)~ = 
and 

i,j<d 

We can choose an adapted frame {ei, . . . e^, Je±, . . . Jed} of H such that r(ej) = 6j and 
r(Jej) = — Je«, also we obtain 

J2 (((0*<,)*) + (^ ^ ei, e,) + ((0*<,y + ( £ *> et, Je,)) 
{d(j) H {ei), d(j) H (ej), d4> H {ti), d<p H {^))- 

i,j<d 

Now the formulas directly follow from equations i fPTt) and ( |T8l) combinated to ( 13T]) and 

□ 

A strictly pseudoconvex Ci? manifold with constant holomorphic pseudo- Hermit ian 
sectional curvature is called a pseudo- Hermitian space form. The sphere S 2d+1 = SU (d + 
1) /577(d) viewed as the total space of the Hopf fibration over CP d and its non-compact 
dual SU(d,l)/SU(d), are examples of Sasakian pseudo- Hermitian space forms with re- 
spectively s w > and s w < 0. The Heisenberg group H,2d+i with its standard pseudo- 
Hermitian structure is an example of flat Sasakian pseudo- Hermitian space form whereas 
the unit tangent bundle of the hyperbolic space H d+1 , TiH d+1 with its standard pseudo- 
Hermitian structure is an example of flat non-Sasakian pseudo-Hermitian space form (cf. 
[T3]). Note that all these examples are examples of contact sub-symmetric spaces. 

Theorem 7.1 (i) Let M be a simply- connected contact sub- symmetric space of non- 
compact Hermitian type other than SU(d,l)/ SU(d) and let Y be a cocompact discrete 
subgroup of PsH(M) . Then any horizontal pseudoharmonic CR map <p from M = M/Y 
to a strictly pseudoconvex CR manifold N with nonpositive pseudo-Hermitian complex 
sectional curvature satisfies V#c?0 = 0. 

(ii) Let M be a simply- connected contact sub-symmetric space of non- compact type other 
than 7i.2 P +i ><g NCH , then any horizontal pseudoharmonic CR map <fi from M = M /Y 
to a pseudo-Hermitian space form N with s w < is constant. 

Proof. A horizontal pseudoharmonic CR map <fi from M to N satisfies, by Proposition 
5.2, 8fl d(f>H = (d(j)(£)) H i = and (V s d(j) H ) + = 0. Since M is torsionless, then it directly 
follows from that (V 5 <i0#) = 0. We deduce from the previous assumptions that 
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7 ud'P = 0- Hence (i) is proved. Now we assume that N is a pseudo-Hermitian space 



- S 

form, then we have R^> = ... „ r/£/. Since 6 is a CR map, we obtain 

" d (d + 1) H 



s w , ~ p d(d+l) 



Hence we have (Cff, (0*i2$) H > = and 

(HBKr )H = M^j; = /"jjt+i)^ = Ywrtf 

and 

A l \(URK'W\ (k'™\ / 2 (d-l)(d+2) w ' 

I 1 ^ rfJ } h - )fl - T d'(d' + i) 3 ■ 

Since s w < 0, the right hand sides of (|36|) and (|37j) are nonpositive, whereas the left 
hand sides are nonnegative. We deduce from (l3~6j) that (HBK^) = and from (|37l) 

that ^1 — -^{HBKj v ) H — (K^ V ) R = 0. In each case, we obtain that / = 0. Since 

{4>*9o')h = fd^H an d d(f)(£) = /£ , then <p is constant. □ 

A regular curve c : / — > M on a strictly pseudoconvex CR manifold M is called a 
Carnot-Caratheodory geodesic (cf. [4] , [27] , [28] ) if c(t) e H c ( t ) and if there exists a function 
a : I -> R with d(t) = A e (c(t), c(t)) such that V(c(t)) ff (c(t)) H = -a(t)J(c(t)) H for t E I. 
Also, we have 

Corollary 7.1 Lei M be a simply- connected contact sub-symmetric space of non- compact 
Hermitian type other than SU(d, l)/SU(d) and M = M/T. Then any horizontal pseudo- 
harmonic CR map (f> from M to a Sasakian manifold N with nonpositive pseudo-Hermitian 
complex sectional curvature maps Carnot-Caratheodory geodesies of M to Carnot-Caratheodory 
geodesies of N . 

Proof. Let c : / C R — > M be a Carnot-Caratheodory geodesic, then ^(c(t)) H (c(t)) H = 
—aJ(c(t)) H with a constant (since M is torsionless) . Let be a horizontal pseudohar- 
monic CR map from M to N, we obtain using V udef) = that V^ c ^ t ^ ( ((0 o c)(t)) H > = 

—ad(j)H(J(c(t)) H ) = —aj'd(j) H ((c(t)) H ) = — a>J'(((f) o c)(t)) H >. Also o c is a Carnot- 
Caratheodory geodesic of N. □ 
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